We investigate the linear and semilinear massive Klein-Gordon equations in geometrical frameworks of type "Conformal Cyclic Cosmology" of R. Penrose, or "Singular Bouncing Scenario" as well. We give sufficient conditions on the decay of the mass to the fields be able to propagate across the Big-Bang.
I. Introduction
In this work we investigate the propagation of a massive scalar field in simple models of the pre-big bang cosmology, in particular for the Conformal Cyclic Cosmology (CCC). In this theory developped by R. Penrose [15] (see also [11] , [23] ), we consider a n`1 dimensional C 2 , time oriented, Lorentzian manifold pM, gq. We assume that this spacetime is globally hyperbolic. Given a Cauchy hypersurface Σ we split M as (I. 1) M "M Y Σ YM,M :" I´pΣq,M :" I`pΣq,
where I´pΣq (resp. I`pΣq) is the chronological past (resp. chronological future) of Σ. The past (resp. future) setM (resp.M) is an open subset called Previous Aeon (resp. Present Aeon). The metric g is just a mathematical tool, called bridging metric, and the physical metricsĝ andǧ on the Aeons are solutions of the Einstein equations that are conformally equivalent to g,
whereΩ is a non-vanishing C 2 function onM (throughout the paper, the bar stands for the hat or the check). In the CCC we assume thatΩ can be continuously extended by zero to Σ. Therefore the Present Aeon is an universe beginning by a Big Bang, and Σ is called the Bang Surface. In contrast we assume thatΩ tends to the infinity at Σ that is the Future Infinity of the Previous Aeon. In this paper we consider the simple but important case, of the static metric g, therefore the Aeons are generalized FLRW spacetimes. Our results can also be applied to the Singular Bouncing Scenario for whichΩ andΩ tend to zero at Σ, and even for the rather unphysical case where Σ is the Future Infinity ofM and the Past Infinity ofM ifΩ andΩ tend to the infinity at Σ. We adress the fundamental issue : to find sufficient conditions on the decay of the mass near Σ to that a massive scalar field inM can be extended inM despite the severe singularity on Σ that leads to the blow-up or the vanishing of the fields on it. The idea is following: we renormalize the fieldsū by using the Liouville transforms associated to the conformal factors
2ū , then we investigate the wave equation satisfied by the renormalized fieldsφ. We impose some constraints on the mass that allow to obtain the existence of trace ofφ and a suitable timederivative, on the bang surface Σ. We conclude that the asymptotic behaviour ofû at Σ in the Previous Aeon, leads to a Cauchy data that determinesǔ in the Present Aeon.
A free massive scalar field obeys to the Klein-Gordon equation satisfied in the interior 8 M of each AeonM, (I. 4) " lḡ`ξRḡ`m 2 ‰ū "f in 8 M.
Here l h and R h are respectively the D'Alembert operator and the Ricci scalar associated to a metric h,
ξ is a constant describing the coupling with the geometry, the massm is a non negative function defined onM and the source termf is given. The fundamental issue concerns the propagation of the field from the Previous Aeon to the Present Aeon across the Bang Surface. The true problem is fully non linear and we should deal with the coupled Einstein-Scalar Field system. A very important result in this domain is due to H. Friedrich [7] who investigated the 1+3 dimensional case with a cosmological constant Λ ą 0 and (I.6)ξ " 0,m 2 " 2 3 Λ.
Our aim is more modest : we study the linear or semilinear Klein-Gordon equation in a fixed geometrical framework of the CCC or the Bouncing Scenario (semi-classical approximation for the weak fields). In this context, there is a trivial situation, called the conformal invariant massless case, defined by (I.7)ξ " n´1 4n ,m " 0.
Using the Liouville transform (I.3) we can easily check thatū is a solution of (I.4) iffφ is solution of the Klein-Gordon equation with the variable effective mass |mΩ |, associated to the bridging metric g,
Hence for the conformal invariant massless case (I.7) withf " 0, the propagation of the field is just described by the wave equation
and since pM, gq is globally hyperbolic, the global Cauchy problem is well posed for this equation by the Leray theorem : given a Cauchy hypersurface, any initial data on it determines a unique solution defined on the whole manifold. In this sense, the conformal invariant massless case without source term is trivial: the field freely propagates from the Previous Aeon to the Present Aeon.
The situation drastically changes ifξ ‰ pn´1q{4n orm ‰ 0 sinceΩ´1 (respΩ) blows up on Σ for a Big Bang (resp. an expanding universe 1 ) and the Klein-Gordon equation (I.8) is highly singular. As a consequenceφ can diverge at Σ and the possibility of a propagation from the Previous Aeon to the Present Aeon seems to be doubtful in general. For instance ifξ " 0,m is a strictly positive constant andĝ " τ´2`dτ 2´g ij dx i dx j˘i s De-Sitter like, the results established by A. Vasy in [24] show thatφpτ, .q " τ 1 2´b n 2 4`m 2 ψpτ, .q near Σ " tτ " 0u with ψ P C 0 pM Y Σq (see also [2] for ξ "m " 0). In this paper we follow the ideas of Penrose and we assume thatξ " pn´1q{4n and the mass of the field is a function that is decaying to zero as τ Ñ 0. Therefore we investigate the both Klein-Gordon equations (I.10)
and we look for sufficient conditions onm to thatφ determinesφ despite the singularity on Σ. An obvious way could consist in introducing (I.11)m "m,Ω "Ω,f "f onM,m "m,Ω "Ω,f "f onM, and solving on the whole manifold M the equation
Thenφ could be defined byφ onM ifφ "φ onM. This elementary approach could work if the equation (I.12) makes sense. In particularm 2Ω2φ has to be well defined as a distribution in M. Unfortunatelym 2Ω2 is not in L 1 loc pM Y Σq in general, unless we add unreasonably strong conditions on the decay of the mass. In fact (I.12) holds for the Singular Bouncing Scenario for whichm 2Ω2 P L 1 loc pMq (see Theorem III.2 and Theorem V.2), but this very simple method fails for the CCC for whichm 2Ω2 R L 1 loc pMq and equation (I.12) does not make sense. To overcome this difficulty and to obtain the main results of this paper (Theorem IV.4 and Theorem V.3), we adapt a method used in [1] and [4] based on the solving of the Riccati equation
that allows to transform equation (I.10) into an new equation in which all the coefficients are integrable functions (see (IV.42) and V.24)). From a mathematical point of view, this work deals with a linear scalar wave equation with a time-dependent mass, or in a time-dependent background, a topic for which a lot of papers have been devoted, see e.g. [5] and the references therein, and in the framework of General Relativity [1] , [2] , [18] , [19] , [24] . We also investigate the semi-linear Klein-Gordon equation for n " 3. This important model has been investigated in the case of the smooth Lorentzian manifolds and fixed mass, in particular in [3] , [6] , [8] , [9] , [10] , [12] , [13] , [14] ; here we consider the semi-linear equation (I.10) withf "´κ |ū | 2ū , and the strongly singular effective massmΩ, and we prove that, like for the linear case, the fields propagate across the Bang Surface. Ultimately, our results are just a preliminary step toward the fundamental issue of the stability of the Einstein-scalar field system for a cosmological scenario with a Big Bang (in this contexte we have to mention [7] , [16] , [17] , [20] and [21] ).
II. Geometrical and Functional frameworks
We suppose that there exists a n-dimensional C 8 Riemannian manifold pK, γq and τ´, τ`,´8 ă τ´ă 0 ă τ`ă 8 such that .
We shall be able to apply our results to a very important example of CCC that is associated to generalized FLRW universes:
Here the scale factorâ is a strictly positive function in C 2 prt´, 8qq. We assume that this space-time is sufficiently accelerating to that (II.9)â´1 P L 1 pt´, 8q. 
An important particular case is the De-Sitter like metric for which (II.13)âptq "ĈeĤt,t Ñ 8,Ĉ,Ĥ ą 0.
We easily check that
In a similar way, givenť`P p0, 8q we introduce (II.15)M :" p0,ť`sťˆK x ,
Now the scale factorǎ is a strictly positive function in C 2 pp0,ť`sq that tends to zero asť Ñ 0 sufficiently slowly to that (II.17)ǎ´1 P L 1 p0,ť`q. 
An interesting case is the C 0 Big Bang studied in [1] for which (II.21)ǎpťq "Čťη,ť Ñ 0`, 0 ăČ,η P p0, 1q.
Then we have
We remark that in the cases (II.13), (II.21), with τ´"´τ`, the Penrose's "reciprocal proposal" [15] (II.23)Ωp´τ qΩpτ q "´1, τ P p0, τ`q, can be satisfied when
As regards the manifold pK, γq we assume it is complete and the scalar curvature R γ is bounded
Here we denote L p pKq the L p -Lebesgue space on K endowed with the volume measure associated to the metric γ. It is well known the the Laplace-Beltrami operator
is essentially selfadjoint on C 8 0 pKq. Hence we can introduce the Sobolev spaces H s pKq, s P R, defined as the closure of C 8 0 pKq for the norm (II.26) }f } H s pKq :"
To investigate the semi-linear Klein-Gordon equation, we need the Sobolev embedding, therefore we have to strengthen the assumptions on the metric. Thus to study the self-interacting fields, we shall assume that pK, γq is a C 8 bounded geometry manifold, i.e. the following conditions are satisfied: (1) the injectivity radius is strictly positive, (2) every covariant derivative of the Riemannian curvature tensor is bounded, or in an equivalent way,
where D represents coordinate derivatives in any normal coordinate system. With these hypotheses, if d " 3 we have the continuous embedding (II.28)
III. Free Scalar Fields in the Aeons
We investigate the propagation of a scalar field in the AeonM, that obeys to the Klein-Gordon equation with a variable massm that is a measurable function onM:
By the Liouville transform (I.3), this equation is equivalent to the equation (I.10) inĪˆK where (III.2)Î :" rτ´, 0q,Ǐ :" p0, τ`s.
Since pM, gq satisfies (II.1), this equation has the very simple form
We suppose that the mass and the conformal factor satisfy
The global Cauchy problem is easily solved:
Proposition III.1. We assume that (II.25) and (III.4) hold. Then given τ 0 PĪ, s P r0, 1s,
Moreover we have
nd there exists C ą 0 such that any solution satisfies
If we assume that
then the following limits exist:
Furthermore, (III.9) and (III.10) assure that givenψ 0 P H s pKq,ψ 1 P H s´1 pKq, there exists a unique solutionφ of (III.3) satisfying (III.7), (III.11), (III.12) and the map pφ 0 ,φ 1 q Þ Ñ pψ 0 ,ψ 1 q is a homeomorphism on H s pKqˆH s´1 pKq.
The initial conditions (III.6) make sense thanks to the Strauss theorem [22] : (III.5) implies that ϕ is a weakly continuous function with values in H s pKq and sincem 2Ω2φ P L 1 loc pĪ; L 2 pKqq, the equation (III.3) assures that B 2 τφ P L 1 loc pĪ; H s´2 pKqq and then B τφ is a weakly continuous function with values in H s´1 pKq.
Proof. Due to the weak regularity of the coefficients, this proposition is not a straight consequence of the classic results on the hyperbolic Cauchy problem, but we can establish the existence of the solution using a standard method. We introduce the operator
that is selfadjoint in H s´1 pKqˆH s´2 pKq and we solve the integral equationφ
(III.14)
Since s P r0, 1s, we have for any Φ, Ψ P X h :
Therefore F is a contraction on X h for h small enough, and its unique fixed pointΦ :" pφ,ψq is a local solution of (III.14). Moreover we have
Therefore the Gronwall Lemma implies that
(III. 15) and the principle of the unique continuation assures that the local solutionΦ can be extended to a global solutionΦ P C 0`Ī ; H s pKqˆH s´1 pKq˘of the integral equation (III.14) that obviously satisfies also (III.15) onĪ. We warn that in generalΦ R C 1`r τ 0´h , τ 0`h s; H s´1ˆH s´2˘s ince we do not assumem to be continuous. Neverthelessψ " B τφ andφ is a global solution of (III.3) satisfying (III.6), (III.7) and (III.8).
To establish the uniqueness, we recall (see e.g. [22] ) that any ϕ P L 8
We can apply this inequality to p´∆ K`1 q´1´s 2 ϕ where ϕ P L 8 loc pĪ; H s pKqq with B τ ϕ P L 8 loc pĪ; H s´1 pKqq is a solution in the sense of the distributions of pB 2 τ´∆ K`1 qϕ " F P L 1 loc pĪ; H s´1 pKqq to obtain
Taking F "`1´n´1 4n R γ´m 2Ω2˘φ whereφ is a solution of (III.3) withf " 0, this inequality implies
ence the uniqueness follows from the Gronwall lemma. 
(III.17)
Furthermore, assumptions (III.9) and (III.10) allow to solve the initial value problem with data given at τ " 0. Thanks to the integrability of }mΩ} 2 L 8 , we can mimick the previous proof and solve the integral equation (III.14) with τ 0 " 0. We conclude that for any τ 1 , τ 2 PĪ Y t0u, the map
Q.E.D. We immediately deduce the following:
Theorem III.2. We assume (II.25) and
wherem,Ω andf are defined by (I.11). Then given u 0 P H s pKq,
The functionũ defined by
The linear map pûpτ´q, B τû pτ´qq Þ Ñ pǔpτ`q, B τǔ pτ`qq is a homeomorphism on H s pKqˆH s´1 pKq.
Proof. We introduce the linear maps
hat are isomorphisms on H s pKqˆH s´1 pKq. We apply the previous proposition. First we solve the Cauchy problem (III.3), (III.6) onÎ with pφ 0 ,φ 1 q "Lpτ´qpu 0 , u 1 q and we putûpτ q "Ω 1´n 2 pτ qφpτ q. Then we consider the solutionφ of (III.3) onǏ satisfyingφp0q "ψ 0 , B τφ p0q "ψ 1 , and we putǔpτ q " Ω 1´n 2 pτ qφpτ q. Thenũ satisfies (III. 19 ), (III.20), (III.21), and these transmission conditions imply thatũ is solution of (III.23) and (III.24). Finally the maps pû 0 ,û 1 q Þ ÑLpτ´qpû 0 ,û 1 q " pφ 0 ,φ 1 q Þ Ñ pψ 0 ,ψ 1 q " pψ 0 ,ψ 1 q Þ Ñ pφpτ`q, B τφ pτ`qq Þ Ñ In the next section we relax this assumption to be able to treat the CCC scenario with a much less drastic constraint on the decay of the mass.
IV. Asymptotics at the Bang Surface for a Slow Mass Decay
In this part, we assume that the mass and the conformal factor depend only on the time coordinate:
(IV.1)m P C 0`Ī˘,Ω P C 2 pĪq.
In this framework the hypothesis (III.18) was (IV.2) żĪm 2 pτ qΩ 2 pτ qdτ ă 8,
and we now investigate the asymptotic behaviour ofφ, B τφ under the weaker assumption (IV.3)
In particular for the De Sitter like metric (II.13) this constraint is
that is much more weaker than (III.26). Our strategy is based on the expression ofm 2Ω2 that, a priori, does not belong to L 1 , with an auxiliary fonctionĀ that belongs to L 1 . These functions are linked by the Riccati equation
This method has been initiated in [4] and used in [1] . The main motivation of this approach is the following fundamental result that treats the hard case of the blowing-up B τφ and describes its asymptotic behaviour as τ Ñ 0. To study the wave equation near τ " 0, we introduce for h ą 0 small enough, the interval (IV.6)Ī h :"Ī X r´h, hs. 
and the following limits exist:
Moreover the map WĀ : pφ 0 ,φ 1 q Þ Ñ pψ 0 ,ψ 1 q is a homeomorphism on H s pKqˆH s´1 pKq.
We emphasize thatĀpτ q is allowed to blow-up as τ Ñ 0.
Proof. Givenτ h PĪ h , we put (IV.10)ψpτ h ; τ q :"φpτ q expˆż τ τ hĀ pσqdσ˙. Following the proof of the Proposition III.1 ,ψpτ h ; .q is the solution integral equationψ
(IV. 13) and we have the energy inequality
SinceĀ P L 1 pĪ h q, the Gronwall Lemma assures that there exists C ą 0 independent of τ ,τ h such that (IV.14)
Using (III.8) we have the estimate
hence (IV.7) is a consequence of (IV.14) and (IV.15). Using the integrability ofĀ again, we can do τ Ñ 0 in (IV.13) and we obtain the existence of the limits (IV.8), (IV.9) by putting (IV. 16 
moreover (IV.14) holds with τ " 0, hence WĀ is a well defined continuous map on H sˆH s´1 . Conversely, given pψ 0 ,ψ 1 q P H sˆH s´1 , we can solve, as for Proposition III.1, the integral equationψ
and we obtain a unique solutionψp0;
Finally we solve the Cauchy problem for (III.3) with initial dataφpτ h q "ψp0;τ h q, B τφ pτ h q " B τψ p0;τ h q´Āpτ h qψp0;τ h q, and we can invert WĀ by puttingφ 0 :"φpτ 0 q,φ 1 :" B τφ pτ 0 q. The bi-continuity of WĀ : pφ 0 ,φ 1 q Þ Ñ pψ 0 ,ψ 1 q is assured by the estimates (IV.15) and IV.17).
Q.E.D.
Lemma IV.2. Assume there exist h ą 0,Â P C 1 X L 1 pr´h, 0qq andǍ P C 1 X L 1 pp0, hsq satisfying (IV.5). Then givenφ 0 P H s pKq,φ 1 P H s´1 pKq andf satisfying (III.10), there exists a uniquẽ ϕ P C 0 prτ´, τ`s; H s pKqq X C 1`r τ´, 0q Y p0, τ`s; H s´1 pKq˘such that Proof. For τ PÎ we defineφpτ, .q "φpτ, .q whereφ is the solution onÎ of (III.3), (III.6) with τ 0 " τ´. Using the notations of Lemma IV.1, we introduce pφ 0 ,φ 1 q :" W´1 A WÂpφ 0 ,φ 1 q, and for τ PǏ we defineφpτ, .q "φpτ, .q whereφ is the solution onǏ of (III.3), (III.6) with τ 0 " τ`. Since lim τ Ñ0´φ pτ q " lim τ Ñ0`φ pτ q,φ belongs to C 0 prτ´, τ`s; H s pKqq X C 1`r τ´, 0q Y p0, τ`s; H s´1 pKqȃ nd it is the solution of (IV. 18 thereforeψ P C 0 pr´h, hs; H s pKqq X C 1`r´h , hs; H s´1 pKq˘, and satisfies (IV.21). Finally SÃ " W´1 A WÂ is a homeomorphism.
Q.E.D. Now given the mass and the conformal factor, we have to solve the Riccati equation near τ " 0. Proposition IV.3. 1) Ifm andΩ satisfy (IV.2), then givenᾱ P R, there exist h ą 0 and a uniquē A P C 0 pt0u YĪ h q X C 1 pĪ h q solution of (IV.5) withĀp0q "ᾱ. Furthermore, for anyᾱ P R there exists a uniqueĀ P L 1 X C 1 pĪ h q solution of (IV.5) for some h ą 0, satisfying (IV.28).
Proof. 1) SincemΩ can be unbounded as τ Ñ 0, the first assertion is not a direct consequence of the Cauchy-Lipschitz theorem but it proved by the usual way. IfmΩ P L 2 pĪq, we have to solvē We take h ą 0 small enough to that żĪ Xr´h,hsm
We can easily check that G is a strict contraction on A P C 0 pt0u YĪ h q, }A´ᾱ} 8 ď 2 ( . Therefore its unique fixed pointĀ is the wanted solution.
2) We first constructÂ ǫ P C 1 prτ ǫ , 0qq solution of (IV.29)Â ǫ pτ q " 
We define a sequence A n P C 1 prτ ǫ , 0qq, n P N, by (IV.31) @τ P rτ ǫ , 0q, A 0 pτ q " 0, A n`1 pτ q :"
We have A n ě 0 and A 1´A0 ě 0, A n`1 pτ q´A n pτ q " ż τ τǫ pA n pσq`A n´1 pσqq ppA n pσq´A n´1 pσqq , hence by recurrence we deduce that
Assume that (IV.33) A n pτ q ď p1`ǫq ż τ τǫm 2 pσqΩ 2 pσqdσ.
Then we have with (IV.30):
A n`1 pτ q ď that is a solution of (IV.5) that is well defined in C 1 X L 1 near τ " 0 and satisfies (IV.28). To prove the uniqueness, we consider two solutionsĀ,Ā˚P C 1 X L 1 pĪ h q satisfying (IV.28). Then given
pσq`Ā˚pσqdσ˙Ñ 0, τ Ñ 0.
We conclude thatĀpτ 0 q "Ā˚pτ 0 q and thereforeĀ "Ā˚. Then given u 0 P H s pKq, u 1 P H s´1 pKq, s P r0, 1s, andf satisfying (III.10), given real solutions A P C 1 X L 1 pĪ hof (IV.5) for some h ą 0, there exist unique solutionsū P C 0`Ī ; H s pKq˘X C 1`Ī ; H s´1 pKq˘of (III.1) satisfying (IV.38)ûpτ´q " u 0 , B τû pτ´q " u 1 , 
The linear map S : pûpτ´q, B τû pτ´qq Þ Ñ pǔpτ`q, B τǔ pτ`qq is a continuous homeomorphism on H s pKqˆH s´1 pKq.
Remark IV.5. If (III.9) is satisfied, the transmissions conditions (III.20), (III.21) correspond to (IV.39), (IV.40) by choosing the solutionsĀ of the Riccati equation withĀp0q " 0. There is less real freedoms in (IV.40) than is apparent from the two arbitrary functionsÂ andǍ. In fact these transmission conditions (IV.39), (IV.40) form a one-real-parameter family: if we fix two solutionŝ A ǫ ,Ǎ ǫ , then (IV.28) and (IV.39) assure that putting δ :"α´α, (IV.40) is equivalent to Proof. The existence ofû is given by Proposition III.1 by takingûpτ q :"Ω 1´n 2 pτ qφpτ q whereφ is the solution of (III.3), (III.6) with the initial data pφ 0 ,φ 1 q "Lpτ´qpu 0 , u 1 q given at τ 0 " τ´and L is defined by (III.25) . Lemma IV.1 assures that the following limits exist
and we can define pφ 0 ,φ 1 q :" W´1 A pψ 0 ,ψ 1 q.
We now defineǔpτ q :"Ω 1´n 2 pτ qφpτ q with the solutionφ of of (III.3), (III.6) with τ 0 " τ`. Then (IV.39) and (IV.40) are direct consequences of this construction. Finally we invoke Lemma IV.2 to conclude that (IV.42) is deduced from (IV.21) and
S "
SÃLpτ´q is a homeomorphism on H s pKqˆH s´1 pKq. Q.E.D. It is well known that the Riccati equations cannot be solved by quadrature nevertheless we can give an explicit formulation of the transmission conditions in the following important case.
Example IV.6. We consider the case where (IV.44)m 2 pτ qΩ 2 pτ q "c 2 | τ |´1`F pτ q withc ą 0 andF is a holomorphic function on a neigborhood of zero. We take a (generalized) eigenfunction Φ λ P L 2 loc pKq solution of`´∆ K`n´1 4n R γ˘Φλ " λΦ λ , λ P R. The solutionsφ of (III.3) withf " 0, of typeφpτ, xq "φpτ qΦ λ pxq, are defined by the solutionsφ of the ODE
We can solve this ODE by the Frobenius method and since τ " 0 is a regular singular point, the Fuchs theorem assures that there exist two functionsh 1 ,h 2 which are analytic near zero with h 1 p0q "h 2 p0q " 1, and the general solution of (IV.45) can be written as
We deduce that
pτ q "C 2 ,φ 1 pτ q "ηC 2c 2 lnp| τ |q`C 1`C2`h 1 2 p0q`ηc 2˘`o p1q, τ Ñ 0, withη "`,η "´. Now the Riccati equation (IV.5) is reduced to a linear second order ODE by the usual way, by puttingĀ "´ᾱ 1 α whereᾱ is a solution of
We apply the Fuchs theorem again: there exist two functionsk 1 ,k 2 , holomorphic near zero, with k j p0q " 1 andᾱ
We get that the solutions of the Riccati equation are given bȳ
IfD 2 " 0 we haveĀpτ q "´τ´1 as τ Ñ 0. We conclude that the solutions of the Riccati equation that are integrable near zero satisfyD 2 ‰ 0, and then
Then putting
the family of transmission conditions (IV.39), (IV.40) has the form
where the real parameter δ can be arbitrarily choosen in R.
V. self-interacting scalar field
In this section we assume that the complete manifold K is a 3-dimensional C 8 bounded geometry manifold, and we investigate the massive semilinear Klein-Gordon equation
where κ ą 0 is a coupling constant. The Liouville transformφ :"Ωū leads to the equivalent equation
First we suppose that the mass and the conformal factor satisfy (III.4) and we solve the global Cauchy problem.
Proposition V.1. We assume that (III.4) holds. Then given τ 0 PĪ,φ 0 P H 1 pKq,φ 1 P L 2 pKq, the equation (V.2) has a unique solutionφ satisfying
Moreover there exists C ą 0 such that any solution satisfies
and the map pφ 0 ,φ 1 q P H 1ˆL2 Þ Ñφ P C 0 pĪ; H 1 q X C 1 pĪ; L 2 q is continuous.
If we assume (III.9), then the following limits exist:
Furthermore, (III.9) assures that givenψ 0 P H 1 pKq,ψ 1 P L 2 pKq, there exists a unique solutionφ of (V.2) satisfying (V.3), (V.6), (V.7) and the map pφ 0 ,φ 1 q Þ Ñ pψ 0 ,ψ 1 q is a bi-Lipschitz bijection on H 1 pKqˆL 2 pKq.
Proof. First we prove the local existence of the mild solutions by a classic way. We solve the integral equation
where A is defined by (III.13). Using the Sobolev inequality
Putting (V.11) ρ :" }pφ 0 ,φ 1 q} H 1ˆL2 , J ǫ :" tτ PĪ; | τ´τ 0 |ď ǫu pǫ ą 0q,
We have also:
Its unique fixed point satisfiesψ " B τφ and it is a local solution of (V.2), (V.4) in C 0`J ǫ ; H 1 pKq˘X C 1`J ǫ ; L 2 pKq˘. Now we deduce from (III.16) that this local solution satisfies
hence we get by the Gronwall Lemma,
and (V.5) is proved for τ P J ǫ . Now the global existence on the whole intervalĪ follows from the principle of unique continuation. We can easily prove the continuous dependence of the solution with respect to the initial data. Given another solutionφ˚we have
ence the Lipschitz property of the map pφ 0 ,φ 1 q Þ Ñφ follows from the Gronwall Lemma and (V.5).
Finally we assume that (III.9) is satisfied. Then (V.5) implies thatφpτ q is bounded in H 1 pKq hence we can take the limit of the integral in (V.9) as τ Ñ 0, and we obtain (V.6), (V.7). Furthermore we can take τ 0 " 0 in (V.9) and repeating the previous arguments, we can solve the global Cauchy problem with initial data specified at τ " 0. The proof is complete.
Q.E.D. As a consequence we obtain directly the following: Theorem V.2. We assume (III.9). Then given u 0 P H 1 pKq, u 1 P L 2 pKq, there exist unique solutionsū P C 0`Ī ; 
The map pûpτ´q, B τû pτ´qq Þ Ñ pǔpτ`q, B τǔ pτ`qq is a bi-Lipschitz bijection on H 1 pKqˆL 2 pKq.
Proof. We apply the previous proposition with τ 0 " τ´and pφ 0 ,φ 1 q "Lpτ´qpu 0 , u 1 q, and we put upτ q "Ω´1pτ qφpτ q. Then we consider the solutionφ of (V.2) onǏ satisfying pψ 0 ,ψ 1 q " pψ 0 ,ψ 1 q and we putǔpτ q "Ω´1pτ qφpτ q. Thereforeū are solutions of (V.1) and satisfy (V.16), (V.17), and these transmission conditions imply thatũ satisfies also (V.18) and (V. 19 ). Finally the maps pu 0 , u 1 q Þ Ñ pφ 0 ,φ 1 q Þ Ñ pψ 0 ,ψ 1 q " pψ 0 ,ψ 1 q Þ Ñ pφpτ`q, B τφ pτ`qq Þ Ñ pǔpτ`q, B τǔ pτ`qq are bi-Lipschitz bijections of H 1 pKqˆL 2 pKq.
Q.E.D. Like for the linear case, this result is suitable to treat the case of the Singular Bouncing Scenario but (III.9) is a much too strong assumption for the CCC. We now consider the more reasonnable assumption (IV.37). Theorem V.3. We assume (IV.37). Then given u 0 P H 1 pKq, u 1 P L 2 pKq, given real solutionsĀ P C 1 XL 1 pĪ h q of (IV.5) for some h ą 0, there exist unique solutionsū P C 0`Ī ; H 1 pKq˘XC 1`Ī ; Proof.û is given by Proposition V.1 by putting for τ PÎ,ûpτ q "Ω´1pτ qφpτ q whereφ is the solution of (V.2), (V.4) with τ 0 " τ´, pφ 0 ,φ 1 q "Lpτ´qpu 0 , u 1 q. Now for τ PÎ h we introducê It is sufficient to establish that the Cauchy problem is well posed in C 0`p´h , hq; H 1 pKq˘XC 1`p´h , hq; L 2 pKqf or equation (V.24) with an initial data pψ 0 ,ψ 1 q given at any given time τ 0 P r´h, hs. In an equivalent way, we have to solve the integral equationψ pτ q χpτ q˙" Gˆψ χ˙p τ q
:" e ipτ´τ 0 qAˆψ0 ψ 1ż τ τ 0 e ipτ´σqAˆ0 ψpσq´1 6 R γψ pσq`2Ãpσqχpσq´κ |ψpσq | 2ψ pσqe´2 ş σ 0Ã psqds˙d σ.
(V.28)
Finally we can see that S is a bi-Lipschitz bijection as a composition of bi-Lipschitz bijections: pûpτ´q, B τû pτ´qq Þ Ñ pûp´hq, B τû p´hqq Þ Ñ`ψp´hq, B τψ p´hq˘Þ Ñ`ψphq, B τψ phq˘Þ Ñ pǔphq, B τǔ phqq Þ Ñ pǔpτ`q, B τǔ pτ`qq .
Q.E.D.
